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Asymptotic behaviour of instantons on Cylinder
Manifolds
Teng Huang
Abstract
In this article, we study the instanton equation on the cylinder over a closed manifoldX which
admits non-zero smooth 3-form P and 4-form Q. Our results are (1) ifX is a good manifold, i.e.,
P,Q satisfying d ∗X P = d ∗X Q = 0, then the instanton with integrable curvature decays
exponentially at the ends, and, (2) if X is a real Killing spinor manifold, i.e., P,Q satisfying
dP = 4Q and d ∗X Q = (n− 3) ∗X P , we prove that the solution of instanton equation is trivial
under some mild conditions.
Keywords. instantons, asymptotic behaviour, special holonomy
1 Introduction
LetM be an oriented smooth n-dimensional Riemannian manifold, G be a compact Lie group and P
be a principalG-bundle onM , gP be the adjoint bundle of P . LetA denote a connection on P with the
curvature FA. The instanton equation on M can be introduced as follows. Assume there is a 4-form
Ω on M , then an (n − 4)-form ∗Ω exists, where ∗ is the Hodge star operator onM . A connection A
is called an anti-self-dual instanton, when it satisfies the instanton equation
∗ FA + ∗Ω ∧ FA = 0 (1.1)
When n > 4, these equations can be defined on the manifold M with a special holonomy group,
i.e., the holonomy group G of the Levi-Civita connection on the tangent bundle TM is a subgroup
of the group SO(n). Each solution of equation(1.1) satisfies the Yang-Mills equation. The instanton
equation (1.1) is also well-defined on a manifold M with non-integrable G-structures, but equation
(1.1) implies that the Yang-Mills equation will have torsion.
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Instantons on the higher dimension, proposed in [3] and studied in [2, 7, 6, 11, 27], are important
both in mathematics [6, 7] and string theory [8, 9]. In mathematics, the articles of Donaldson-Thomas
[7] and Donaldson-Segal [6] have inspired a considerable amount of work related to gauge theory
in higher dimensional. Sa´ Earp and Walpuski focus on the study of gauge theory on G2-manifolds,
they construct G2-instanton over some G2-manifolds [20, 21, 26]. In string theory, the solutions of
the instanton equations on cylinders over nearly Ka¨hler 6-manifolds and nearly parallel G2-manifolds
have been constructed [1, 10, 16, 17]. In [17] Section 4, they confirm that the standard Yang-Mills
functional is infinite in their solutions.
In this article, we consider the instanton A on the cylinder manifold over a closed manifold X
which admits non-zero smooth 3-form P and 4-form Q. The 4-form Ω on Cyl(X) := (R×X, dt2 +
gX) can be defined as
Ω = dt ∧ P +Q.
Therefore the instanton equation on Cyl(X) can be defined as [1, 11],
∗ FA + (∗XP + dt ∧ ∗XQ) ∧ FA = 0, (1.2)
where ∗X is the Hodge star operator of X .
Chapter 4 of [4] introduces some analytic results about the asympotic behaviour of ASD connec-
tion on 4-manifolds with tubular ends, and aims to give a complete definition of the Floer groups of
a homology 3-sphere. We know from analogous Floer-type theories those are the essential property
needed to control solutions over infinite tubes. All of the known construction methods of higher di-
mensional instantons automatically yield exponential decay. One can see the curvature will satisfy
the L2-integrability condition. There is a natural question, whether all L2-integrable instantons have
exponential decay. We prove that the instanton equation (1.1) on the cylinder over a closed good
manifold decays exponentially at the ends, See Theorem 3.6. We also consider the Ω-instantons on
the cylinder over a closed manifold which admits real Killing spinors, i.e., the forms P,Q satisfying
dP = 4Q and d∗XQ = (n−3)∗X P . In [13], the author prove that the non-trivial solutions of instan-
ton equations over the cylinder of the Riemannian manifolds with real Killing Spinors have infinite
Yang-Mills energy. In this article, we will prove that if the energy density ρ(A) = 0, See Equation
(4.3), then the instanton is a flat connection, See Theorem 4.3.
Remark 1.1. In dimension 4, the instanton equation on a cylinder is the gradient flow for the Chern-
Simons functional on the 3-dimensional cross-section. Critical points of this 3-dimensional functional
are precisely flat connections. Similarly, the higher dimensional instanton equation on a cylinder over
a closedG2-manifold or Calabi-Yau 3-foldX can be regarded as the gradient flow of a Chern-Simons
functional on X . However critical points of the higher dimensional Chern-Simons functional are
instantons, not necessarily for flat connections. In fact, most examples of instantons on asymptotically
cylindrical manifolds do not have L2 curvature because the limit connection is not flat.
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2 Fundamental preliminaries
We shall generally adhere to the now standard gauge-theory conventions and notation of Donald-
son and Kronheimer [5]. Let M be a closed, smooth, Riemannian manifold. Throughout our article,
Ωp(M, gP ) denote the smooth p-forms with values in gP . Given a connection on P , we denote by∇A
the corresponding covariant derivative on Ω∗(M, gP ) induced by A and the Levi-Civita connection of
M . Let dA denote the exterior derivative associated to ∇A. For u ∈ L
p
k,A(M, gP ), where 1 ≤ p < ∞
and k is an integer, we denote
‖u‖Lp
k,A
(M) :=
( k∑
j=0
∫
M
|∇jAu|
pdvolg
)1/p
,
where∇jA := ∇A ◦ . . . ◦ ∇A (repeated j times for j ≥ 0). For p =∞, we denote
‖u‖L∞
k,A
(M) :=
k∑
j=0
ess sup
M
|∇jAu|.
2.1 Chern-Simons Functional
Let t be the standard parameter on the factorR in theCyl(X) := R×X , whereX is a closed, oriented
n-dimensional Riemannian manifold that admits a smooth Riemannian metric gX, let {x
j}nj=1 be local
coordinates of X . A connection A over the cylinder Cyl(X) is given by a local connection matrix
A = A0dt+
∑n
i=1Aidx
i, whereA0 and Ai depend on all n+1 variable t, x
1, . . . , xn. We takeA0 = 0
(sometimes called a temporal gauge) and denote A =
∑n
i=1Aidx
i. In this situation, the curvature is
given by FA = FA + dt∧ A˙, where A˙ =
∂A
∂t
. We denote by ∗X the Hodge star operator ofX . If α is a
1-form on X , then for Hodge star operator, ∗, defined on Cyl(X) with respect to the product metric
dt2 + gX, we have ∗(dt ∧ α) = ∗Xα.
We consider a cylinder over a closed manifold X which admits smooth non-zero 3-form P and
4-form Q. The instanton equation (1.2) is equivalent to
∗X A˙ = − ∗X P ∧ FA,
∗X FA = −A˙ ∧ ∗XP − ∗XQ ∧ FA.
(2.1)
Let P be a G-bundle over X , the connection space A is an affine space modelled on Ω1(X, gP ), so
fixing a reference connection A0 ∈ A, for any A ∈ A, we can write A = A0 + a, a ∈ Ω
1(X, gP ). We
define the Chern-Simons functional by
CS(A) := −
∫
X
Tr
(
a ∧ dA0a +
2
3
a ∧ a ∧ a
)
∧ ∗XP,
fixing CS(A0) = 0. This functional is obtained by integrating of the Chern-Simons 1-form
ΓA(βA) = −2
∫
X
Tr(FA ∧ βA) ∧ ∗XP.
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We find CS explicitly by integrating Γ over paths A(t) = A0 + ta, from A0 to any A = A0 + a:
CS(A)− CS(A0) =
∫ 1
0
ΓA(t)
(
A˙(t)
)
dt
= −
∫
X
Tr
(
dA0a ∧ a+
2
3
a ∧ a ∧ a
)
∧ ∗XP + C,
where C = C(A0, a) is a constant and vanishes if A0 is an instanton. Suppose that the 3-form P is
co-closed, i.e., d ∗X P = 0. The co-closed condition implies that the Chern-Simons 1-form is closed.
So it does not depend on the path A(t) [19].
2.2 Non-degenerate flat connections
We denote by
M(P, g) := {Γ : FΓ = 0}/GP,
the moduli space of gauge-equivalence class [Γ] of flat connection Γ on P . Following Uhlenbeck
strong compactness theorem [24], we know that the moduli space M(P, g) is compact. We now be-
gin to define the least eigenvalue of the self-adjoint operator ∆A := dAd
∗
A + d
∗
AdA with respect to
connection A on L2(X,Ω1(gP )):
Definition 2.1. The least eigenvalue of ∆A on L
2(X,Ω1(gP )) is
λ(A) := inf
v∈Ω1(gP )\{0}
〈∆Av, v〉L2
‖v‖2
. (2.2)
In [15] Lemma 3.3, the author showed that the function λ[·]with respect to the Uhlenbeck topology
is a continuous function on the moduli space of flat connections. We recall the definition of non-
degenerate flat connection, See [4] Definition 2.4.
Definition 2.2. A flat connection Γ on P over a closed Riemannian manifold X is called non-
degenerate, if and only if ker∆Γ|Ω1(gP ) = 0, i.e., λ(A) > 0.
Combining the compactness of moduli space of flat connections and the fact that the function λ[·]
is continuous under Uhlenbeck topology, we then have
Proposition 2.3. ([15] Proposition 3.6) If the flat connections over a closed Riemannian manifoldX
are non-degenerate, then there is a positive constant λ = λ(X, g) such that
λ(Γ) ≥ λ, ∀ Γ ∈M(P, g).
For A ∈ AP and δ > 0, we set
TA,δ = {a ∈ Ω
1(X, gP ) | d
∗
Aa = 0, ‖a‖L
n
2
1 (X)
≤ δ}.
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A neighbourhood of [A] ∈ B := AP/GP can be described as a quotient of TA,δ, for small δ. In [22]
Lemma 1.2, Taubes showed that the non-degenerate flat connection (under moduli gauge transfor-
mation) is isolated on a closed three manifold. We will extend this property to higher dimensional
manifold.
Proposition 2.4. Suppose that A,Γ are two distinct non-degenerate flat connections over a closed
Riemannian manifoldX . Then there is a positive constant δ = δ(X, g) such that
inf
g∈G
‖g∗(A)− Γ‖
L
n
2
1 (X)
≥ δ.
Proof. We denote by A,Γ two distinct flat connections (under moduli gauge transformation). If there
is a sufficiently small constant δ > 0 such that
inf
g∈G
‖g∗(A)− Γ‖
L
n
2
1 (X)
≤ δ,
then we can choose a gauge transformation g ∈ GP such that g
∗(A) and Γ satisfy relative gauge fixing,
i.e.,
d∗Γ(g
∗(A)− Γ) = 0.
For simply, we also denote g∗(A) to A. We denote a := A− Γ, therefore
0 = FA = FΓ + dΓa+ a ∧ a = dΓa + a ∧ a,
Following Proposition 2.3, it implies that,
λ‖a‖2L2(X) ≤ ‖dΓa‖
2
L2(X) + ‖d
∗
Γa‖
2
L2(X) = ‖dΓa‖
2
L2(X).
Furthermore, the Weitzenbo¨ck formula gives
(d∗ΓdΓ + dΓd
∗
Γ)a = ∇
∗
Γ∇Γa+Ric ◦ a.
Combining the preceding identities yields,
‖∇|a|‖2L2(X) ≤ ‖∇Γa‖
2
L2(X)
≤ ‖dΓa‖
2
L2(X) + C‖a‖
2
L2(X)
≤ (1 + Cλ−1)‖dΓa‖
2
L2(X)
≤ (1 + Cλ−1)‖a ∧ a‖2L2(X)
≤ (1 + Cλ−1)‖a‖2Ln(X)‖a‖
2
L
2n
n−2 (X)
≤ C(1 + λ−1)‖a‖2
L
n
2
1 (X)
‖a‖2L21(X)
≤ C(1 + λ−1)2‖∇|a|‖2L2(X)‖a‖
2
L
n
2
1 (X)
,
where we use the Sobolev embedding L
n
2
1 →֒ L
n, L21 →֒ L
2n
n−2 and Kato inequality |∇|a|| ≤
|∇Γa|, C = C(X, g) is a positive constant. If we choose ‖a‖
L
n
2
1
(X)
sufficiently small to ensure that
‖a‖2
L
n
2
1 (X)
≤ λ
2
2C(1+λ)2
, then a ≡ 0. It contradicts to our initial assumption regarding the connections
A,Γ.
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For any flat connection [Γ] over a closed G2- or Calabi-Yau manifold X with full holonomy, i.e.,
π1(X) is finite, we can show that the least eigenvalue of ∆Γ is positive, i.e., the flat connections are
all non-degenerate. One also can see [14] Theorem 1.1.
Proposition 2.5. Let G be a compact Lie group, P be a G-bundle over a closed, smooth G2- or
Calabi-Yau manfoldX . If X has full holonomy, then the flat connections on X are non-degenerate.
Proof. We denote Γ by a flat connection on X . For any harmonic 1-form α with respect to ∆Γ :=
d∗ΓdΓ + dΓd
∗
Γ, following the Weitzenbo¨ck formula, we have ∇Γα = 0. Here we use the vanishing of
the Ricci curvature on G2- or Calabi-Yau manifolds and Γ is flat.
Let Rijdx
i ∧ dxj denote the Riemann curvature tensor viewed as an ad(T ∗X) valued 2-form, The
vanishing of∇Γα implies
0 = [∇i,∇j]α = ad((Fij) +Rij)α,
for all i, j. Since Fij vanishes, Rijα = 0, and the components of α are in the kernel of the Rieman-
nian curvature operator. This reduces the Riemannian holonomy group, unless α = 0 which implies
ker∆Γ|Ω1(X,gP ) = 0. Thus, we have the dichotomy: α 6= 0 implies a reduction of the holonomy ofX ,
and α = 0 implies the connection A is non-degenerate.
2.3 A priori estimate for Yang-Mills equation
We will recall the monotonicity formula for Yang-Mills equation [18, 23]. Let M be a compact Rie-
mannian n-manifold with a smooth Riemannian metric g and E be a smooth vector bundle over M
with compact structure group G. Let p ∈ M , let rp ≤ inj(M) be a positive number with properties:
there are normal coordinates x1, · · · , xn in the geodesic Brp(p) of (M, g), such that p = (0, · · · , 0)
and for some constant c(p):
|gij − δij| ≤ c(p)r
2, |dgij| ≤ c(p)r,
where gij = g〈
∂
∂xi
, ∂
∂xj
〉.
Remark 2.6. The constant rp and c(p) can be chosen depending only on the injective radius at p and
the curvature of g. Suppose that the manfoldM is compact, then the constant rp has a lower positive
bounded constant rM and |c(p)| has a upper positive constant cM . The constants rM and cM depend
only onM and g.
We will always denote O(1) a quantity bounded by a constant depending only on n. For any
Yang-Mills connection A of E, we have
Theorem 2.7. Let A be any Yang-Mills connection of a G-bundle over a compact manifold M with
smooth Riemannian metric g. For any p ∈M , there are positive constants rp, c(p) and a0 are positive
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constant depend onM, g such that for any 0 < σ < ρ < rp and a ≥ a0, we have
ρ4−neaρ
2
∫
Bρ(p)
|FA|
2dvolg − σ
4−neaσ
2
∫
Bσ(p)
|FA|
2dvolg
≥ 4
∫
Bρ(p)\Bσ(p)
r4−near
2
|
∂
∂r
yFA|
2dvolg +
∫ ρ
σ
(
eaτ
2
τ 4−n(2aτ − O(1)c(p)τ)
∫
Bτ (p)
|FA|
2dvolg
)
dτ,
Proof. We choose, for any τ small enough, ξ(r) = ξτ (r) = η(
r
τ
), where η is smooth and satisfies:
η(r) = 1 for r ∈ [0, 1], η(r) = 0 for r ∈ [1 + ε,∞), ε > 0 and η′(r) ≤ 0. By taking φ = 1 on [23]
Equation (2.1.8), we have
∂
∂τ
(τ 4−neaτ
2
∫
M
ξτ |FA|
2dVg)
= 4τ 4−neaτ
2( ∂
∂τ
(
∫
M
ξτ |
∂
∂r
yFA|
2dVg) + (−O(1)c(p) + 2a)τ
∫
M
ξτ |FA|
2dVg
)
.
Then, by integrating on τ and letting ε tends to zero, we complete the proof of this theorem.
We then recall the ε-regular theorem of Yang-Mills equation [23, 24].
Theorem 2.8. ([23] Theorem 2.2.1) Let A be any Yang-Mills connection of a G-bundle over a com-
pact manifoldM with smooth Riemannian metric g. Then there exist positive constants ε = ε(M, g, n)
and C = C(M, g, n) which depend onM, g, n, such that for any p ∈M and 0 < ρ < rp, whenever
ρ4−n
∫
Bρ(p)
|FA|
2dvolg ≤ ε,
then
|FA|(p) ≤
C
ρ2
(
ρ4−n
∫
Bρ(p)
|FA|
2dvolg
) 1
2 .
The constant rp in Theorem 2.7 and Theorem 2.8 is the same. We then have a useful L
∞ estimate
for Yang-Mills connection A when the L2-norm of curvature FA is sufficiently small.
Corollary 2.9. Let A be any Yang-Mills connection of a principalG-bundle over a compact manifold
M with smooth Riemannian metric g. Then there are positive constants ε0 = ε0(M, g, n) and C =
C(M, g, n) with following significance. If the curvature FA of connection A obeys
‖FA‖L2(M) ≤ ε0,
then
‖FA‖L∞(M) ≤ C‖FA‖L2(M). (2.3)
Proof. Since the Theorem 2.7 holds for all sufficiently large constant a, we can choose the constant
a to ensure that
2a− O(1)cM > 0.
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where O(1) is the constant appear in Theorem 2.7, cM is a upper positive constant of |c(p)|. Hence
for any 0 < σ < ρ < rM ,
σ4−n
∫
Bσ(p)
|FA|
2dvolg ≤ ρ
4−nea(ρ
2−σ2)
∫
Bρ(p)
|FA|
2dvolg ≤ ρ
4−neaρ
2
∫
M
|FA|
2dvolg,
We now let ρր rM , hence
σ4−n
∫
Bσ(p)
|FA|
2dvolg ≤ C
∫
M
|FA|
2dvolg, ∀σ ∈ (0, rM), (2.4)
where C is a positive constant depending onM and metric g.
For any p ∈ M , in the geodesic ball Bσ(p), 0 < σ < rM , following Equation (2.4), we have
σ4−n
∫
Bσ(p)
|FA|
2dvolg ≤ Cε0, ∀σ ∈ (0, rM),
where C = C(M, g) is a positive constant. We choose ε0 small enough to ensure that Cε0 ≤ ε, where
ε is the constant in Theorem 2.8. Hence following Theorem 2.8,
|FA|(p) ≤
C
σ2
(σ4−n
∫
Bσ(p)
|FA|
2dvolg)
1
2 ≤ σ−
n
2C‖FA‖L2(X), ∀σ ∈ (0, rM).
We now let σ ր rM , thus
|FA|(p) ≤ r
−n
2
M C‖FA‖L2(X), ∀p ∈M.
We complete this proof.
3 Asymptotic Behavior
Definition 3.1. Let X be a closed, smooth manifold of dimension n ≥ 4 with a Riemannian metric
gX. We call X a good manifold, if X admits non-zero, smooth 3-form P and 4-form Q satisfying
d ∗X P = d ∗X Q = 0.
Example 3.2. There are many manifolds are good in the sense of Definition 3.1. For example:
(1)X is a Calabi-Yau 3-fold. It is defined as a manifold with a Ka¨hler (1, 1)-formω and a holomorphic
form Ω ∈ Ω3,0. We can construct a G2-structure on Cyl(X):
φ = dt ∧ ω + ImΩ.
We denote (P,Q) := (ReΩ, 1
2
ω2), one can see the instanton equation (1.2) is a G2-instanton.
(2) X is a parallel G2-manifold. It is defined as a manifold with a G2-structure 3-from φ. We can
construct a Spin(7)-structure on Cyl(X):
Φ = dt ∧ φ+ ∗Xφ.
We denote (P,Q) := (φ, ∗φ), one also can see the instanton equation (1.2) is a Spin(7)-instanton.
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Taking the exterior derivative of (1.2), then using the Bianchi identity and the fact (P,Q) is co-
closed, it’s easy to see the solution of instanton equation (1.2) also satisfies Yang-Mills equation. In
this section, we denote by X a closed good manifold. We begin to study the decay of instantons over
tubular ends. At first, we consider a family of bands BT = [T, T + 1] × X which we identify with
the model B0 = [0, 1] × X by translation. So the integrability of |FA|
2 over the end implies that∫
[T,T+1]×X
|FA|
2 → 0 as T →∞. On the compact manifoldBT , we can choose a positive constant rT
by the similar way in above Section 2.3, See Remark 2.6. SinceBT is identified withB0 by translation,
it’s easy to see rT is not dependent on T . We then have
Proposition 3.3. Suppose that A is an instanton on a cylinder Cyl(X) over a closed good manifold
with L2-curvature FA. Suppose also that the flat connections on X are non-degenerate. Then at the
end of Cyl(X), there is a flat connection Γ over X such that A converges to Γ, i.e. the restriction
A|X×{T} converges (modulo gauge equivalence) to Γ in C
∞ over X as T →∞.
Proof. The argument is similar to Proposition 4.1 on [4]. Let A(T ) be the connection over BT , so
the integrability of |FA|
2 and Corollary 2.9 imply that ‖FA(T )‖L∞(X) → 0 as T → ∞. Uhlenbeck’s
weak compactness theorem implies that for any sequence Ti →∞ there are subsequence T
′
i and a flat
connection Γ such that, after suitable gauge transformationsA(T ′i )→ Γ, in C
∞ over compact subsets
of B0. In particular the restriction of A(T
′
i ) to the cross-sectionX × {1/2} converges in C
∞ to Γ.
We will also claim that the limit is unique. First consider the metric
distL21([A], [B]) = infg∈G
‖A− g∗(B)‖L21(X)
on the space of equivalence classes BX of connections overX . We denote by [A(T )] the equivalence
class of A(T ). Since the path A(T ) is continuous and
distL21(X)([A(T1)], [A(T2)]) ≤ ‖A(T1)− A(T2)‖L21(X),
the path [A(T )] is also continuous on BX under L
2
1-topology. We have shown that the continuous
path A(T ) converges (under moduli transformation) to the space of flat connections M(P, g) in the
sense that distL21([AT ],M(P, g)) → 0 over X as T → ∞. But the points of M(P, g) are isolated so
there is a δ > 0 with infg∈G ‖g
∗(Γ) − Γ˜‖
L
n
2
1
(X)
≥ δ, See Proposition 2.4 for distinct points Γ, Γ˜ in
M(P, g). For large T the connections A(T ) have distance less than δ/2 form some point ofM(P, g).
But by the intermediate value theorem applied to the continuous function infg∈G ‖g
∗(A) − Γ‖
L
n
2
1 (X)
this point must be independent of T , so we obtain a flat connection Γ such that A(T ) converges to Γ
in the L
n
2
1 -distance. But now it follows similarly that the convergence is C
∞, since any sequence has
a C∞-convergent subsequence.
By Proposition 3.3, the moduli spaceM of finite energy instantons on Z is the disjoint union of its
subsetsM(A−∞, A+∞), whereA−∞ andA+∞ run over all components of the space of flat connection
onX andM(A−∞, A+∞) is the subset ofM consisting of instantons with limits inA−∞ and in A+∞
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over the two ends respectively. We apply a key result due to Uhlenbeck for the connections with
Lp-small curvature ([25] Corollary 4.3) to prove that
Corollary 3.4. Assume the hypothesis in Proposition 3.3. Suppose also that the flat connections on
X are non-degenerate. Then there exists positive constants C, T with following significance. If t > T ,
there exist a family gauge transformation g(t) such that
‖g(t)∗(A(t))− Γ‖Lp1(X) ≤ C‖FA(t)‖Lp(X), ∀ 2p > n.
Proof. We denote Bt = [t, t+ 1]×X and 2p > n. For the constant ε0 which satisfies the hypothesis
in Corollary 2.9, we can choose a large enough T to ensure that
‖FA‖L2(Bt) ≤ ε0, ∀t > T.
Therefore following the estimate in Corollary 2.9, we have
‖FA(t)‖Lp(X) ≤ (Vol(X))
1
p‖FA(t)‖L∞(X) ≤ (Vol(X))
1
p‖FA‖L∞(Bt) ≤ C‖FA‖L2(Bt),
where C = C(X, g, p) is a positive constant. We can choose C‖FA‖L2(Bt) ≤ ε, where constant ε
satisfies the hypothesis in [25] Corollary 4.3. Then there exist a flat connection Γ(t) and a gauge
transformation g(t) such that
‖g(t)∗(A(t))− Γ(t)‖Lq1(X) ≤ C(p)‖FA(t)‖Lq(X), ∀ 2q > n+ 1.
Combining the preceding inequalities yields
‖g∗(A(t))− Γ(t)‖
L
n
2
1
(X)
≤ C‖g∗(A(t))− Γ(t)‖Lq1(X) ≤ ‖FA(t)‖Lq(X) ≤ C‖FA‖L2(Bt).
Since the flat connections over X are isolated, the limit is unique–independent of the sequence and
subsequence chosen, then A(t)→ Γ in C∞ under moduli gauge transformation. Hence for any small
enough positive constant ε0, there is a large enough constant t such that,
inf
g∈G
‖g∗(A(t))− Γ‖
L
n
2
1 (X)
≤ ε0.
Therefore
inf
g∈G
‖Γ(t)− Γ‖
L
n
2
1 (X)
≤ inf
g∈G
‖g∗(A(t))− Γ‖
L
n
2
1 (X)
+ inf
g∈G
‖g∗(A(t))− Γ(t)‖
L
n
2
1 (X)
≤ ε0 + C‖FA‖L2(Bt),
where C = C(X, g, n) is a positive constant. We can choose T sufficiently large to ensure that
ε + C‖FA‖L2(Bt) < δ, where δ satisfies the hypothesis in Proposition 2.4. Thus [Γ(t)] = [Γ]. We
complete the proof of this corollary.
We begin to study the decay of instantons over the ends. At first, we prove a useful lemma as
follows.
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Lemma 3.5. Suppose thatA is an instanton with L2-curvature FA over Cyl(X), whereX is a closed
good manifold. Suppose also that the flat connections onX are non-degenerate. We then have
CS(A(T ))− CS(A∞) = −
∫
[T,∞)×X
Tr(FA ∧ ∗FA). (3.1)
Proof. Following the definition of CS, we then have
CS(A(T ′))− CS(A(T )) = −2
∫
[T,T ′]×X
Tr(FA(t) ∧ dt ∧ A˙(t)) ∧ ∗XP
= −
∫
[T,T ′]×X
Tr(FA ∧ FA) ∧ ∗Ω +
∫ T ′
T
( ∫
X
Tr(FA(t) ∧ FA(t)) ∧ ∗XQ
)
dt
Following Proposition 3.3, there exist a flat connection Γ over X such that, A|X×{Ti} converges to Γ
in C∞ after suitable gauge transformations. Since Q is co-closed, following Chern-Weil theory, we
have ∫
X
Tr(FA(t) ∧ FA(t)) ∧ ∗XQ = lim
t→∞
∫
X
Tr(FA(t) ∧ FA(t)) ∧ ∗XQ
=
∫
X
Tr(FΓ ∧ FΓ) ∧ ∗XQ = 0.
Taking the limit over finite tubes (T, T ′)×X with T ′ → +∞ and A satisfies the instanton equation,
we prove the identity (3.1).
Theorem 3.6. SupposeA is a smooth solution of instanton (1.2) with L2-curvature FA. Suppose also
that the flat connections onX are non-degenerate. Then there are positive constants C ′, C ′′ such that
|FA| ≤ C
′′e−C
′|t|,
for sufficiently large |t|.
Proof. We prove this using a differential inequality derived from the instanton on Cyl(X). Our proof
here is similar to Donaldson’s arguments in [4] Section 4.2 for ASD connection. For T > 0, we set
J(T ) =
∫ ∞
T
‖FA‖
2
L2(X) = −
∫
[T,∞)×X
Tr(FA ∧ ∗FA) =
∫
[T,∞)×X
Tr(FA ∧ FA) ∧ ∗Ω.
Following Lemma 3.5, we have
J(T ) = CS(A(T ))− CS(A∞) (3.2)
where A(T ) is the connection over X obtain by restriction to X × {T}. Following (3.2), we obtain
the T derivative of J as
d
dT
J(T ) =
d
dT
(
CS(A(T ))− CS(A∞)
)
. (3.3)
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On the other hand, the T derivative of J(T ) can be expressed as minus the integration overX × {T}
of the curvature density |FA|
2, and this is exactly the n-dimensional curvature density |FA(T )|
2 plus
the density |A˙|2. By the relation Equation (2.1) between the two components of the curvature for an
instanton, we have
‖FA(T )‖
2
L2(X) =
∫
X
Tr(FA ∧ A˙ ∧ ∗XP ) +
∫
X
Tr(FA ∧ FA) ∧ ∗XQ
= ‖A˙(T )‖2L2(X) +
∫
X
Tr(FA ∧ FA) ∧ ∗XQ.
Following Chern-Weil theory, we have
∫
X
Tr(FA ∧ FA) ∧ ∗XQ = 0, one also can see the proof of
Lemma 3.5. Hence ‖FA(T )‖
2
L2(X) = ‖A˙(T )‖
2
L2(X). Thus
d
dT
J(T ) = −2‖FA(T )‖
2
L2(X) (3.4)
From (3.3) and (3.4), we have
d
dT
(
CS(A(T ))− CS(A∞)
)
= −2‖FA(T )‖
2
L2(X)
To connect these two observations we establish an inequality between the Chern-Simon function
CS(A(T )) and ‖FA(T )‖L2(X), valid for any connection over X which is close to A∞. We write, for
fixed large T ,
A(T ) = A∞ + a,
whereA∞ is a flat connection overX , so we may suppose that a is small as we please in C
∞. Also,we
may suppose that a satisfies the Coulomb gauge fixing:
d∗A∞a = 0.
Now, we have
CS(A(T ))− CS(A∞) = −
∫
X
Tr(dA∞a ∧ a+
2
3
a ∧ a ∧ a) ∧ ∗XP
= −
∫
X
Tr(
1
3
dA∞a ∧ a +
2
3
FA(T ) ∧ a) ∧ ∗XP.
We use the fact that the kernel of dA∞ + d
∗
A∞ in Ω
1 is trivial, so following Proposition 2.3 there exist
a positive constant λ such that
‖a‖L2(X) ≤ λ‖dA∞a‖L2(X).
We observe that
|
∫
X
Tr(dA∞a ∧ a) ∧ ∗XP | ≤ ‖a‖L2(X)‖dA∞a‖L2(X)max
X
|P |
≤ Cλ‖dA∞a‖
2
L2(X),
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and
|
∫
X
Tr(FA(T ) ∧ a) ∧ ∗XQ| ≤ ‖FA(T )‖L2(X)‖a‖L2(X)max
X
|Q|
≤ Cλ‖dA∞a‖L2(X)‖FA(T )‖L2(X),
where C = C(X,P,Q) is a positive constant.Hence, we get
CS(A(T ))− CS(A∞) ≤ Cλ(‖dA∞a‖
2
L2(X) + ‖dA∞a‖L2(X)‖FA(T )‖L2(X)). (3.5)
We denoteBt := [t, t+1]×X . Let p ≥ n be a positive constant. Following Corollary 3.4 and Sobolev
embedding Lp1 →֒ L
∞, for large enough T , we obtain that
‖a(t)‖L∞(X) ≤ C‖a(t)‖Lp
1
(X) ≤ C‖FA(t)‖Lp(X) ≤ C‖FA‖Lp(Bt) ≤ C‖FA‖L2(Bt). (3.6)
where C = C(X, g, p) is a positive constant. On the other hand FA(T ) = FA∞+a = dA∞a + a ∧ a.
Therefore
‖FA(T )‖L2(X) ≥ ‖dA∞a‖L2(X) − ‖a ∧ a‖L2(X) ≥ ‖dA∞a‖L2(X) − ‖a‖L∞(X)‖a‖L2(X). (3.7)
Combining the preceding inequalities (3.6) and (3.7) yields,
‖FA(T )‖L2(X) ≥ ‖dA∞a‖L2(X) − Cλ‖FA‖L2(Bt)‖dA∞a‖L2(X).
Provided Cλ‖FA‖L2(Bt) ≤ 1/2, rearrangement gives
‖FA(T )‖L2(X) ≥ 1/2‖dA∞a‖L2(X). (3.8)
Combining the preceding inequalities (3.5) and (3.8) yields,
CS(A(T ))− CS(A∞) ≤ C‖FA(T )‖
2
L2(X).
Putting all these together, we get a differential inequality, when T is large enough,
J(T ) ≤ −C
d
dT
J(T ).
It is easy to see that this implies that J decays exponentially,
J(T ) ≤ C ′′e−C
′T ,
where C ′ = (C)−1 and C ′′ = J(T0)e
−C′T0 . For the constant ε0 which satisfies the hypothesis in
Corollary 2.9, we can choose a large enough T to ensure that
‖FA‖L2(BT ) ≤ J(T ) ≤ C
′′e−C
′T ≤ ε0,
where BT = [T, T + 1]×X . Finally, following the estimate in Corollary 2.9, it implies that |FA| has
exponential decay.
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We observe that the flat connections on aG-bundle over a closed Calabi-Yau 3-fold orG2-manifold
with full holonomy, i.e., the manifold has finite fundamental group, are all non-degenerate. As a
simply application, we have
Corollary 3.7. Let X be a closed Calabi-Yau 3-fold (or G2-manifold) with full holonomy, P be a
principal G-bundle over cylinder Cyl(X) with G being a compact Lie group. If A is a G2- (or
Spin(7)-) instanton with L2-curvature FA, then there exist positive constants C
′, C ′′ such that
|FA| ≤ C
′′e−C
′|t|,
for sufficiently large |t|.
4 Real Killing spinor manifold
Let (X, g) be a real Killing spinor compact manifold of dimension n, i.e., there are non-zero 3-form
P and 4-form Q which satisfy
dP = 4Q, d ∗X Q = (n− 3) ∗X P,
where ∗X is the Hodge star operator on X . For n > 3, the Chern-Simons functional can then be
written as
CS(A) = −
1
2(n− 3)
∫
X
Tr(FA ∧ FA) ∧ ∗XQ, (4.1)
which is gauge-invariant. We consider the cylinder Cyl(X) over X . The instanton equation (1.2) on
the cylinder splits into the two equations (2.1). The gradient flow equation for CS(A) is then the
first equation (2.1). The gradient flow of Chern-Simons functional (4.1) may not be equivalent to
the instanton equation (2.1). But if X is a nearly parallel G2- or nearly Ka¨hler manifold, the first
equation on (2.1) implies the second equation. So on a nearly parallel G2- or nearly Ka¨hler manifold,
the instanton equation on the cylinder is equivalent to the gradient flow for CS(A), See [11] Section
4.4 and [10].
Proposition 4.1. (Energy identity). Let A be a smooth solution to the gradient flow of equation (4.1).
For any t1 < t2, we then have
CS(A(t2))− CS(A(t1)) = −
∫ t2
t1
‖FA(t) ∧ ∗XP‖
2
L2(X). (4.2)
Proof. Following Bianchi identity dAFA = 0 and the fact d ∗X Q = (n− 3) ∗X P , it is easy to check
that
dtr(FA ∧ FA ∧ ∗XQ) = (n− 3)tr(FA ∧ FA) ∧ ∗XP )
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We then have
∂
∂t
CS(A(t)) = −
1
n− 3
∫
X
Tr(
∂FA
∂t
∧ FA ∧ ∗XQ)
= −
1
n− 3
∫
X
TrdA(
∂A
∂t
) ∧ FA ∧ ∗XQ
= −
1
n− 3
∫
X
dTr(
∂A
∂t
∧ FA ∧ ∗XQ)−
∫
X
Tr(
∂A
∂t
∧ FA ∧ ∗XP )
= −‖FA ∧ ∗XP‖
2
L2(X).
Equality (4.2) follows from integrating the above identity on [t1, t2].
We define the energy density ρ(A) by
ρ(A) := lim
T→∞
1
2T
∫
(−T,T )×X
|FA|
2dt ∧ dvolX . (4.3)
We write α . β to mean that α ≤ Cβ for some positive constantC independent of certain parameters
on which α and β depend. The parameters on which C is independent will be clear or specified at
each occurrence. We also use β . α and α ≈ β analogously.
Lemma 4.2. Let X be a complete manifold of dimension n with a d(bounded) k-form ω, i.e.. there
exists a bounded (k − 1)-form θ such that ω = dθ, α be a closed from of degree n− k. If α satisfies
lim
r→∞
1
r
∫
Br(x0)
|α|dvolX = 0, (4.4)
where x0 is a point on X , Br(x0) is a geodesic ball, then there exists a sequence ji → ∞ as i → ∞
such that
lim
i→∞
∫
Bji (x0)
α ∧ ω = 0.
Proof. Let η : R→ R be smooth, 0 ≤ η ≤ 1,
η(t) =
{
1, t ≤ 0
0, t ≥ 1
and consider the compactly supported function
fj(x) = η(ρ(x0, x)− j),
where j is a positive integer and ρ(x0, x) stands for the Riemannian distance between x and a base
point x0.
We consider the form β := α∧ω = d(α∧θ). We have fjβ = d(fjα∧θ)−dfj∧(α∧θ). Following
Stokes formula, we obtain that
|
∫
X
fjβ| = |
∫
X
dfj ∧ (α ∧ θ)| .
∫
Bj+1\Bj
|α|.
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Since θ is bounded, fj = 1 on Bj and fj = 0 on X\Bj+1, one obtains that
|
∫
Bj
β| = |
∫
Bj
fjβ| ≤ |
∫
Bj+1
fjβ|+ |
∫
Bj+1\Bj
fjβ|
≤ |
∫
X
fjβ|+
∫
Bj+1\Bj
|fjβ|
. |
∫
X
fjβ|+
∫
Bj+1\Bj
|α|.
Thus
|
∫
Bj
β| .
∫
Bj+1\Bj
|α|. (4.5)
By the hypothesis (4.4), there exists a sequence ji →∞ as i→∞ such that
lim
i→∞
∫
Bji+1\Bji
|α| = 0. (4.6)
It now follow (4.5)–(4.6) that limi→∞
∫
Bji (x0)
α ∧ ω = 0.
We denote by ∗ the Hodge star operator on Cyl(X),D by the exterior derivative on T ∗(Cyl(X)).
We also denote P˜ = dt ∧ P , Q˜ = dt ∧Q. Then the forms P˜ , Q˜ satisfying
∗P˜ = ∗XP, ∗Q˜ = ∗XQ,
and
DP˜ = 4Q˜, D ∗ Q˜ = (n− 3) ∗ P˜ .
Theorem 4.3. Let Cyl(X) be the cylinder over a compact real Killing spinor manifold X , A be a
smooth solution of instanton equation. If ρ(A) = 0, thenA is a flat connection.
Proof. The Yang-Mills energy function is
YM(A) : = ‖FA‖
2
L2(Z) = −
∫
R×X
Tr(FA ∧ FA) ∧ ∗Ω
= −
∫
R×X
Tr(F 2
A
) ∧ ∗P˜ −
∫
R×X
Tr(F 2
A
) ∧ ∗XQ ∧ dt.
We observe that
−
∫
R×X
Tr(F 2
A
) ∧ ∗P˜ = −
1
n− 3
∫
R×X
Tr(F 2
A
) ∧D ∗ Q˜.
Since ρ(A) = 0 and |Tr(F 2A)| . |FA|
2, we observe that
lim
T→∞
1
T
∫
(−T,T )×X
|Tr(F 2
A
)| = 0. (4.7)
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Since Tr(F 2
A
) is a closed 4-form on Cyl(X), it also satisfies Equation (4.7) and ∗P˜ is a D(bounded)
(n− 4)-form, following Lemma 4.2, there exist a sequence ji →∞ as i→∞ such that
lim
i→∞
∫
(−ji,ji)×X
Tr(F 2
A
) ∧ ∗P˜ = 0. (4.8)
Following equation (2.1), we then have
−Tr(F 2
A
) ∧ ∗P˜ = −2Tr(
∂A
∂t
∧ dt ∧ FA) ∧ ∗XP = 2|
∂A
∂t
|2dt ∧ dvolX
Thus
−
∫
(−ji,ji)×X
Tr(F 2
A
) ∧ ∗P˜ = 2
∫
(−ji,ji)×X
|
∂A
∂t
|2dt ∧ dvolX . (4.9)
It now follows (4.8), (4.9) that
lim
i→∞
∫
(−ji,ji)×X
|
∂A
∂t
|2dt ∧ dvolX = 0,
i.e., ∂A
∂t
= 0. The connectionA is not dependent on parameter t. Thus
ρ(A) =
∫
X
|FA|
2dvolX .
By the hypothesis of energy density ρ(A), we obtain that FA = 0. We complete this proof.
Corollary 4.4. Let Cyl(X) be the cylinder over a compact real Killing spinor manifold X , A be
a smooth solution of instanton equation (1.2). If the curvature FA is in L
p, p ≥ 2, then A is a flat
connection.
Proof. We denote BT = (−T, T ) ×X . For p = 2, it is easy to see ρ(A) = 0. For p > 2, we use the
Ho¨lder inequality,
‖FA‖L2(BT ) ≤ ‖FA‖Lp(BT )(2TVol(X))
1
2
− 1
p .
Thus ρ(A) = 0. Following Theorem 4.3, it implies thatA is flat.
We defineMd as the space of the gauge equivalence classes of instantons A on P satisfying
‖FA‖L∞(X) ≤ d.
The space Md is endowed with the topology of C
∞ convergence over compact subsets: the se-
quence {[Ai]} in Md converges to [A] if and only if there exist gauge transformations gi satisfying
g∗i (Ai) → A in C
∞ over every compact subset of X . The space Md is compact by the Uhlenbeck
compactness theorem. We denote by ρ(d) the value of ρ(A) over [A] ∈Md. At the end of Z, there are
connections Γ± over X such that A converges to Γ±, i.e. the restrictionA|X×{T} converges (modulo
gauge equivalence) to Γ± in C
∞ overX as T → ±∞
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Proposition 4.5. Suppose that [A] ∈Md is an instanton over Cyl(X). Then
ρ(d) =
ρ− + ρ+
2
,
where ρ± =
∫
X
Tr(F 2Γ± ∧ ∗XQ).
Proof. Following equations (1.2), we have
F 2A ∧ ∗Ω = F
2
A ∧ dt ∧ ∗XQ + 2
∂A
∂t
∧ dt ∧ FA ∧ ∗XP.
Following the energy identity in Proposition 4.1, it implies that∫
(T,T ′)×X
|FA|
2dt ∧ dvolX =
∫
(T,T ′)
dt
∫
X
Tr(F 2A ∧ ∗XQ) + 2(CS(A(T ))− CS(A(T
′))).
Since [A] ∈Md, we have
|CS(A)| = |
1
2(n− 3)
∫
X
Tr(FA ∧ FA) ∧ ∗XQ| . d
2, ∀t ∈ R.
Thus
ρ(d) = lim
t→∞
1
2T
∫
(−T,T )×X
Tr(F 2A ∧ ∗XQ) =
ρ− + ρ+
2
.
We complete this proof.
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